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Monte Carlo Helps With Uncertainty wsi 2o
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https://QMCSoftware.github.io/MATH565Fall2025/assets/docs/As_Forecasts_Go_You_Can_Bet_on_Monte_Carlo-WSJ.pdf
https://www.pexels.com/search/stock%20market/
https://d9-wret.s3.us-west-2.amazonaws.com/assets/palladium/production/s3fs-public/thumbnails/image/4Fraking42412-920.jpg
https://research.nvidia.com/publication/2023-05_recursive-control-variates-inverse-rendering
https://www.mdpi.com/2220-9964/13/3/97?
https://www.v7labs.com/blog/neural-network-architectures-guide?utm_source=chatgpt.com
https://www.flickr.com/photos/disneymike/2090890736

~:i.'='..,._fwhy is there uncertainty?

Finance — market forces, often modeled by stochastic processes driven by
Brownian motion

Engineering — variability of system parameters, sometimes modeled by
Gaussian processes

Image rendering — can only trace some rays, must rely on a finite sample

Bayesian inference — the posterior probability distribution is a combination of
a prior and what is learned from data

Neural networks — many parameters need to be tuned, but one cannot
search in all possible directions

Queues — arrival times and service times of customers
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“*How is this expressed quantitatively?
( option payoff

fluid pressure

pixel intensity

statistical model parameter
neural network parameter
| service time

Y = random variable denoting quantity of interest = <

= f(X), where
X = multivariate random variable with a simpler distribution

We want to estimate the mean, variance, quantile, or probability distribution of Y
using sample versions
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“Are we there yet?

You are visiting your friend and it will require

* A 5 minute walk to the ‘L’ station

» Waiting for the train, which arrives every 20 minutes

* Traveling 35 minutes by ‘L

» Catching a taxi at the ‘L’ destination
* There is a 20% chance that the car is waiting for you
» Otherwise the average wait time is 10 minutes

* A 12 minute taxi ride

How long should you plan for the trip to take?

Let’s look at this Jupyter Notebook AreWeThereYet on the class website

6 of 18



https://github.com/QMCSoftware/MATH565Fall2025/blob/main/notebooks/AreWeThereYet.ipynb
http://www.apple.com
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#Class website and repository
Website
Git repository

P
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https://qmcsoftware.github.io/MATH565Fall2025/
https://github.com/QMCSoftware/MATH565Fall2025

“#'Let me know your degree program?
* Go to menti.com
* Use code 6222 6078
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http://menti.com
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*Why should you attend synchronously?

You will be better keep pace?
You will get real time answers to questions?
You can influence the pace and direction of the course?

You can help your peers learn and benefit from them —partake in a leaning
community

To help me know you, in case you want a reference, or to add me to your
LinkedIn network




“**Review of probability

Let Y be a random variable with a sample space % C R
P(Y € Q) means the probability of the event 2
F'is the cumulative probability distribution function F(y) :=P(Y <y), y€ ¥
@ is the quantile function Q(p) :=inf{y € % : F(y) > p}, 0<p<1

E[g(Y)] := /@/g(y) dF'(y) is the expectation of g(Y)

discrete continuous
p is the probability mass function p is the probability density function
p(y) =P =1y) p(y) = F'(y)
ElgV)] = 3 g(y) Elg(v)) = [ oy
ye

yewW
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“*Moments

p:=E(Y) is the mean of Y
o? =var(Y) := E[(Y — p)?] is the variance of Y

o is the standard deviation

cov(Y) := (E[(Y; — pj) (Vi — Mk)])j,kzzl

is the covariance matrix of the random vector Y
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“*Binomial Distribution

This is a coin-flipping distribution with the probability p of heads

Y ~ Binomial(n, p) scipy.stats.binom(n, p)

o) = =) = (1)L p" " =00

ly] n\ _
P =pv <) = (M) -

=0

Q(p) = inf{y € {0,1,....n} : F(y) = p}
p=EY)=np  o°=var(Y)=np(l-p)
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“#Multivariate Normal/Gaussian Distribution

Used in finance and uncertainty quantification
Y ~ A (u,X) isad-dimensional random vector
scipy.stats.multivariate normal (mean, cov)
[ = mean
Y = covariance matrix

o(y) = (%)d/g‘z‘m exp(—3(y—p) T (y—p)

/( 7y)
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:'-.;.z-{?éampling

Let Y be be a random variable, often Y = f(X)

Y1,Ys, ... be asample
not necessarily random or independent and identically distributed (IID)

I e~ .

- Z Y; is the sample mean
n =1
1
n—1

> (Y; — fin)* is the sample variance
=1
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#Under random sampling
Let Y be be a random variable, often Y = f(X)

Y1,Ye,...~Y
1 n
E(u,) = — E(Y;) = 1 so 1, is unbiased
(Fin) n; (Y;) = psofi

If in addition, Y7, Y5, ... are uncorrelated, then

E(G2) = 0* s0 52 is unbiased

n

02

mse(fin) 1= E[(1 — ﬂn)2] = var(lin) = )’

rmse(fl,) =

Se
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“*Central Limit Theorem
Let Y be be a random variable, often Y = f(X)

Vi, Ys,. .. Ry

The distribution of

fin — [4

a/vn

approaches N'(0,1) as n — o

which means that

fin ~ N (u,o?/n) for large n
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“Are we there yet?

You are visiting your friend and it will require

* A 5 minute walk to the ‘L’ station

» Waiting for the train, which arrives every 20 minutes

* Traveling 35 minutes by ‘L

» Catching a taxi at the ‘L’ destination
* There is a 20% chance that the car is waiting for you
» Otherwise the average wait time is 10 minutes

* A 12 minute taxi ride

How long should you plan for the trip to take?

Let’s look at this Jupyter Notebook AreWeThereYet on the class website
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https://github.com/QMCSoftware/MATH565Fall2025/blob/main/notebooks/AreWeThereYet.ipynb
http://www.apple.com
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“Let me know your professional aspirations?
e Go to menti.com
* Use code 6222 6078
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